For a compact 3-manifold N with non-empty boundary, Zickert [10] gave a combinatorial formula for computing the volume and Chern-Simons invariant of a boundary parabolic representation π 1 (N ) → PSL(2, C). In this paper, we introduce the notion of deformed Ptolemy varieties and extend the formula of Zickert to a representation that is not necessarily boundary parabolic. This allows us to compute the volume and Chern-Simons invariant of a PSL(2, C)-representation of a closed 3-manifold.
Introduction
For a complete hyperbolic 3-manifold N of finite volume, the complex volume of N is given by Vol C (N ) = Vol(N ) + iCS(N ) ∈ C/iπ 2 Z
where Vol and CS denote the volume and Chern-Simons invariant, respectively [3, 8] .
More generally, one can define the complex volume Vol C (ρ) for any boundary parabolic PSL(2, C)-representation ρ of a compact 3-manifold; in particular, for any PSL(2, C)-representation ρ of a closed 3-manifold. We refer [6] for details. Recall that a representation ρ : π 1 (N ) → PSL(2, C) of a compact 3-manifold N is called boundary parabolic if ρ(γ) is parabolic, i.e. tr(ρ(γ)) = ±2, for every loop γ (up to base point) in ∂N .
Neumann's formula
For a compact 3-manifold N with non-empty boundary it is known that the interior of N decomposes into ideal tetrahedra. Recall that an ideal tetrahedron with mutually distinct vertices z 0 , z 1 , z 2 , z 3 ∈ ∂H 3 is determined up to isometry by the cross-ratio z = [z 0 : z 1 : z 2 : z 3 ] = (z 0 − z 3 )(z 1 − z 2 ) (z 0 − z 2 )(z 1 − z 3 ) ∈ C \ {0, 1}, as in Figure 8 (left). The cross-ratios are good parameters for computing the volume but not enough for the complex volume. See, for instance, [3] . However, Neumann [7] showed that computing the complex volume can be achieved by considering additional integers, which play a role to adjust branches of logarithm functions, as follows.
Definition 1.1 ([7]
). A flattening of an ideal tetrahedron with the cross-ratio z is a triple α = (α 0 , α 1 , α 2 ) ∈ C 3 of the form    α 0 = log z + pπi α 1 = −log (1 − z) + qπi α 2 = −log z + log (1 − z) − (p + q)πi for some p q ∈ Z. One may alternatively define a flattening by a triple α = (α 0 , α 1 , α 2 ) ∈ C 3 satisfying α 0 + α 1 + α 2 = 0 and α 0 ≡ log z, α 1 ≡ log z , α 2 ≡ log z in modulo πi.
Theorem 1.2 ([7]
). Suppose the interior of a compact 3-manifold N decomposes into n ideal tetrahedra, say ∆ 1 , · · · , ∆ n . Then for any collection of flattenings α j of ∆ j satisfying (i) parity condition; (ii) edge conditon; (iii) cusp condition, we have
where ρ : π 1 (N ) → PSL(2, C) is a boundary parabolic representation induced from the flattenings and R denotes the extended Roger's dilogarithm function (see Equation (14)).
(For simplicity, in the theorem, we assume that every ideal tetrahedron is positively oriented; see Section 3.1.) Roughly speaking, the edge and cusp conditions are "logarithm" of the gluing equations and completeness condition in [9] , respectively. It follows that if the flattenings satisfy the edge and cusp conditions, then the cross-ratios should satisfy the gluing equations and completeness condition. We thus obtain an induced boundary parabolic representation ρ : π 1 (N ) → PSL(2, C) as a holonomy representation. We shall discuss Theorem 1.2 in details in Section 3.1.
Ptolemy varieties
A collection of flattenings satisfying the conditions in Theorem 1.2 shall give us the complex volume but finding such one may be difficult in general. Fortunately, Zickert [10] remarkably overcame this potential difficulty through the notion of a Ptolemy variety. See [6, Remark 1.17] . We here briefly recall his key idea.
Let T be an ideal triangulation of the interior of a compact 3-manifold N with nonempty boundary. We denote by T 1 the set of the oriented edges. For an oriented edge e ∈ T 1 we denote by −e the same edge e with its opposite orientation. In [6] they showed that each point c ∈ P (T) determines a boundary unipotent representation ρ c : π 1 (N ) → SL(2, C) uniquely up to conjugation. Recall that a representation ρ : π 1 (N ) → SL(2, C) is called boundary unipotent if tr(ρ(γ)) = 2 for every loop γ (up to base point) in ∂N . We thus obtain a boundary parabolic representation, regarding ρ c as a PSL(2, C)-representation. On the other hand, c ∈ P (T) also determines the cross-ratio parameters of ∆ j as follows:
for Figure 1 , where z j , z j , and z j are the cross-ratio parameters at l 3 , l 4 , and l 2 , respectively. See [10, Lemma 3.15] . A punchline of [10] is that taking a "logarithm" of the equation (1) gives us a nice flattening in the sense of Theorem 1.2. Namely, if we take a flattening α j = (α
then these flattenings automatically satisfy the edge and cusp conditions in Theorem 1.2. Note that α j is indeed a flattening, i.e. α 0
Moreover, even though the parity condition may fail, Zickert proved that they still give the complex volume of ρ c : π 1 (N ) → PSL(2, C):
We refer [10, 6] for details.
Overview
Main aim of the paper is to extend the formula of Zickert to a representation that is not necessarily boundary parabolic. We give an overview of the paper here. For a compact 3-manifold N , we assume that each boundary componenet Σ j of N is a torus with a fixed meridian µ j and a longitude λ j for 1 ≤ j ≤ h. Here h is the number of the components of ∂N .
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In Section 2, we define a deformed Ptolemy variety P σ (T), as a generalization of the Ptolemy variety. Each point c ∈ P σ (T) determines a representation ρ c : π 1 (N ) → SL(2, C) uniquely up to conjugation which is not necessarily boundary unipotent. Roughly, the subscript σ shall measures deformation; it gives us the eigenvalues of ρ c (µ j ) and ρ c (λ j ) for 1 ≤ j ≤ h (which are not necessarily 1). We stress that P σ (T) is defined in a quite different way from an enhanced Ptolemy variety in [11] .
For κ = (r 1 , s 1 , · · · , r h , s h ) we denote by N κ the manifold obtained from N by performing a Dehn-filling that kills the curve r j µ j + s j λ j on each boundary torus Σ j , where (r j , s j ) is either a pair of coprime integers or the symbol ∞ meaning that we do not fill Σ j .
Suppose the representation ρ c : π 1 (N ) → SL(2, C) factors through π 1 (N κ ) for some κ as a PSL(2, C)-representation. If the manifold N κ has a boundary, i.e. (r j , s j ) = ∞ for some j, then we further assume that the induced representation ρ c :
is boundary parabolic, so that the complex volume of ρ c is well-defined. In Section 3, we show that the key idea of Zickert can be applied to this deformed case, not directly however, so the complex volume of ρ c can be computed in a similar way as in Section 1.2 (Theorem 3.4). We compute, as an example, the complex volumes of several Dehn-filled manifolds obtained from the figure-eight knot complement.
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Deformed Ptolemy varieties
We first clarify the notion of cocycle with some notations that we will use throughout the paper. Let G be a group with the identity element I and let X be a (possibly disconnected) topological space equipped with a polyhedral decomposition. We denote by X i the set of the oriented i-cells (unoriented when i = 0). A cocycle σ : X 1 → G is an assignment satisfying (i) σ(e)σ(−e) = I for all e ∈ X 1 ;
(ii) σ(e 1 )σ(e 2 ) · · · σ(e m ) = I for each face f of X where e 1 , · · · , e m are the boundary edges of f in any cyclic order.
We denote by Z 1 (X; G) the set of all cocycles. Recall that a cocycle
The set C 0 (X; G) of all assignments τ : X 0 → G admits a group operation naturally induced from G. The group C 0 (X; G) acts on Z 1 (X; G) as follows.
for all e ∈ X 1 , where v 1 and v 2 denote the initial and terminal vertices of e, respectively. Note that for σ and σ ∈ Z 1 (X; G) we have σ Y = σ Y up to conjugation for all connected components Y of X if and only if σ = σ τ for some τ ∈ C 0 (X; G). 4
Natural cocycles
Let N be an oriented connected compact 3-manifold with non-empty boundary. We fix an ideal triangulation T of the interior of N . This endows N with a decomposition into truncated tetrahedra whose triangular faces triangulate the boundary ∂N . A truncated tetrahedron is a polyhedron obtained from a tetrahedron by chopping off a small neighborhood of each vertex. We denote by N i and ∂N i the set of the oriented i-cells (unoriented when i = 0) of N and ∂N , respectively. We call an edge of ∂N a short edge and call an edge of N not in ∂N a long edge; see Figure 2 . Note that each long-edge corresponds to an edge of T in a natural way. 
is of the counterdiagonal form for all long-edges e and is of the upper-triangular form for all short-edges e. Note that the term 'natural' is followed from [5] . A natural cocycle φ corresponds to a pair of assignments σ :
c(e) 0 for all long-edges e;
φ(e) = σ(e) c(e) 0 σ(e)
for all short-edges e.
We call c(e) a short edge parameter or a long-edge parameter according to an edge e. Note that (i) c(−e) = −c(e) for all e ∈ N 1 ; (ii) each long-edge parameter is non-zero; (iii) the assignment σ : ∂N 1 → C × should be a cocycle, regarding C × as the multiplicative group. We refer to σ as the boundary cocycle of φ. Proposition 2.1. We consider a hexagonal face of N and denote the edges as in Figure 3 . Then φ satisfies cocycle condition for the face if and only if
. 
We obtain the equation (3) by comparing the entries of the above matrices.
Proposition 2.1 tells us that every short-edge parameter is non-zero and is uniquely determined by the boundary cocycle σ and long-edge parameters. Proposition 2.2. We consider a truncated tetrahedron of N and denote the long-edges as in Figure 4 . We also denote by s ij the short-edge joining from l i to l j ; see Figure 4 . Then φ satisfies cocycle condition for all triangular faces on its boundary if and only if
We call the equation (4) 
We compute similarly for other three triangular faces, each of which results in the same equation (4) .
Recall that T is an ideal triangulation of the interior of N . We denote by T 1 the set of the oriented edges of T. Identifying each edge of T with a long edge of N in a natural way, we have the following definition.
is the set of all assignments c :
for all e ∈ T 1 and the σ-deformed Ptolemy equation (4) for each ideal tetrahedron of T. (2) gives the one-to-one correspondence
Propositions 2.1 and 2.2 tell us that the equation
In particular, P σ (T) corresponds to the set of all natural cocycles whose boundary cocycle is σ.
Remark 2.4. When σ is trivial, i.e. σ(e) = 1 for all e ∈ ∂N 1 , the σ-deformed Ptolemy variety P σ (T) reduces to the Ptolemy variety defined in [6] . See also Definition 1.3. This allows to interpret P σ (T) as a generalization of the Ptolemy variety.
Recall that any (natural) cocycle determines a SL(2, C)-representation of π 1 (N ) uniquely up to conjugation. We thus obtain the set map ρ :
For each component Σ of ∂N , it follows from the equation (2) that
up to conjugation for all γ ∈ π 1 (Σ). Note that one can discard conjugation ambiguity of ρ c by fixing a base point of π 1 (N ), while the homomorphism σ Σ : π 1 (Σ) → C × has no conjugation ambiguity from the first (since the group C × is commutative).
Isomorphisms
Recall that two cocycles σ and σ ∈ Z 1 (∂N ; C × ) determine the same homomorphism on each component of ∂N if and only if σ = σ τ for some τ ∈ C 0 (∂N ; C × ). In the case,we define a map
for all e ∈ T 1 where v 1 and v 2 ∈ N 0 are the endpoints of e viewed as a long-edge.
Proposition 2.5. Φ is a well-defined isomorphism.
We thus may assume that τ ∈ C 0 (∂N ; C × ) is trivial except on a single vertex x ∈ ∂N 0 . Suppose x is the initial vertex of the long-edge l 3 as in Figure 4 . Then, in the equation (4), only two terms σ(s 23 ) and σ(s 34 ) are affected by the τ -action:
−1 σ(s 34 ). Multiplying τ (x) to both sides of the equation (4), we have c τ ∈ P σ τ (T):
On the other hand, the inverse τ −1 ∈ C 0 (∂N ; C × ) (as a group element) exactly gives the inverse morphism of Φ. Proposition 2.6. The following diagram commutes:
Proof. Let φ c and φ c τ ∈ Z 1 (N ; SL(2, C)) be the natural cocycles corresponding to c ∈ P σ (T) and Φ(c) = c τ ∈ P σ τ (T), respectively. Letτ ∈ C 0 (N ; SL(2, C)) be an assignment given byτ
As in the proof of Proposition 2.5, we may assume thatτ is trivial except at the single vertex x as in Figure 4 . The following equations show that φ c τ = (φ c )τ :
at s 34 :
for Figure 4 . Thus the induced homomorphisms ρ c and ρ c τ agree up to conjugation.
The cocycle σ τ coincides with σ if and only if τ ∈ C 0 (∂N ; C × ) is constant on each component of ∂N . In this case, the map Φ induces a (C × ) h -action on P σ (T), called the diagonal action [5, 11] , where h is the number of the components of ∂N . Precisely, enumerating the components of ∂N by Σ 1 , · · · , Σ h , we have
where i and j (possibly i = j) are the indices of the components of ∂N joined by e. Definition 2.7. The reduced σ-deformed Ptolemy variety P σ (T) is the quotient of P σ (T) by the diagonal action.
Example 2.8. Let N be the knot exterior of the figure-eight knot in S 3 . It is well-known that the interior of N can be decomposed into two ideal tetrahedra ∆ 1 and ∆ 2 [9] . We denote the long edges by l 1 and l 2 , and the short-edges by s 1 , s 2 , · · · , s 12 as in Figure 5 . We choose a meridian µ and a longitude λ of the knot as in Figure 6 . Note that the longitude λ here is inversed to the one in [9] . Figure 6 : The boundary torus Let Σ be the boundary torus of N . We choose a boundary cocycle σ ∈ Z 1 (Σ; C × ) for M and L ∈ C × as follows so that the induced homomorphism σ Σ :
, and σ(s 3 ) = LM .
The σ-deformed Ptolemy variety P σ (T) is given by the set of all assignments c :
(with c(−l i ) = −c(l i )). The reduced σ-deformed Ptolemy variety P σ (T) can be identified with the set of all z = c(l1)
Taking the resultant of these two quadratic equations to eliminate z, we obtain
which is the SL(2, C) A-polynomial of the figure-eight knot [1] . It is clear that the pair (M, L) should satisfy the equation (7), otherwise P σ (T) shall be empty.
Pseudo-developing maps
Recall that N is a compact 3-manifold with non-empty boundary and T is an ideal triangulation of the interior of N . Let N be the universal cover of N and let N be a topological space obtained from N by collapsing each boundary component to a point. We call these points the vertices of N . The lifting of T to the interior of N induces the notion of long edges and short edges of N , and also the notion of edges of N .
We fix a base point x 0 of π 1 (N ) in N 0 together with its lifting x 0 in N 0 so as to fix the π 1 (N )-action on N . Note that if (D, ρ) is a pseudo-developing map, then (gD, gρg −1 ) is also a pseudodeveloping map for any g ∈ SL(2, C). We say that two pseudo-developing maps (D 1 , ρ 1 ) and (D 2 , ρ 2 ) are equivalent if ρ 2 = gρ 1 g −1 and D 2 coincides with gD 1 only on the vertices of N for some g ∈ SL(2, C). We denote the equivalence class of (D, ρ) by [D, ρ]. We refer [10] for details.
In this subsection, we clarify a relationship between natural cocycles and pseudodeveloping maps. We first construct an intermediate object, called a decoration (cf. [10, Definition 3.1]). Definition 2.10. A pair (ψ, ρ) of an assignment ψ : N 0 → C 2 and a representation ρ :
We first construct a correspondence
where the equivalence relation ∼ in the right-hand side is defined by (ψ, ρ) ∼ (gψ, gρg −1 ) for g ∈ SL(2, C). We denote the equivalence class of (ψ, ρ) by [ψ, ρ] . Since the base point of π 1 (N ) is fixed, a natural cocycle φ ∈ Z 1 (N ; SL(2, C)) induces a unique homomorphism ρ : π 1 (N ) → SL(2, C) without conjugation ambiguity. We denote by φ ∈ Z 1 ( N ; SL(2, C)) the cocycle obtained by lifting φ. We then consider an assignment
for all e ∈ N 1 , where v 1 and v 2 denote the initial and terminal vertices of e, respectively. Such an assignment φ V exists uniquely and is by definition ρ-equivariant. Finally, we define ψ : N 0 → C 2 by the first column part of φ V , i.e.
for all x ∈ N 0 . From the facts that φ V is ρ-equivariant and φ is a natural cocycle, the pair (ψ, ρ) is a decoration. We define the correspondence (8) by sending φ to [ψ, ρ]. Proof. Let (ψ, ρ) be any decoration. We define φ V ∈ C 0 ( N ; SL(2, C)) by
for all x ∈ N 0 , where x is another vertex of N connected with x by a long-edge. Note that the second condition of decoration guarantees det(ψ(x), ψ(x )) = 0. Since ψ is ρ-equivariant, so is φ V . We define
for all e ∈ N 1 , where v 1 and v 2 denote the initial and terminal vertices of e, respectively. Then it satisfies
for all γ ∈ π 1 (N ) and e ∈ N 1 . Therefore, we obtain φ ∈ Z 1 (N ; SL(2, C)) by projecting φ to N . One can check that φ is a natural cocycle and hence the correspondence (8) is surjective.
Remark 2.12. Let (ψ, ρ) be a decoration and let c ∈ P σ (T) be a corresponding element under the correspondences (5) and (8) . Then σ and c can be directly determined by ψ as follows. For an edge e ∈ N 1 ψ(v 2 ) = σ(e) ψ(v 1 ) if e is a short-edge
if e is a long-edge.
where v 1 and v 2 are the initial and terminal vertices of any lifting of e, respectively. Note that (ψ, ρ) and (gψ, gρg −1 ) determine the same σ and c.
We now construct a pseudo-developing map (D, ρ) from a decoration (ψ, ρ). For a non-zero C = (c 1 , c 2 )
where x ∈ N 0 is arbitrarily chosen in the link of v. The well-definedness of D follows from the fact that h(C 1 ) = h(C 2 ) if and only if det(C 1 , C 2 ) = 0 for non-zero C 1 and C 2 ∈ C 2 . Also, recall the third condition in the definition of a decoration. Furthermore, the first and second conditions of a decoration guarantee the first and third conditions in Definition 2.9, respectively. Now we extend D over the higher dimensional cells in order. See [2, §4.5]. Such an extension is unique up to the equivalence relation. This defines a correspondence Proof. Let (D, ρ) be a pseudo-developing map. Since π 1 (N ) acts freely on N 0 , there exists a ρ-equivariant assignment ψ : N 0 → C 2 satisfying the equation (10) for every pair of a vertex v of N and x ∈ N 0 contained in the link of v. Then the pair (ψ, ρ) should be automatically a decoration, so the correspondence (11) is surjective.
Summing up all the correspondences (5), (8) , and (11), we obtain σ P σ (T)
Whenever we choose c ∈ P σ (T), each ideal tetrahedron ∆ j of T admits a non-degenerated hyperbolic structure.
Proposition 2.14. The cross-ratio r(∆ j , l 3 ) of ∆ j at the edge l 3 is
where l i 's denote the edges of ∆ j as in Figure 7 and s ik denotes the short-edge joining from l i to l k .
Figure 7: An ideal tetrahedron with its truncation
Proof. We choose any lifting of ∆ j in N and identify it with its developing image. We denote its vertices by v 1 , · · · , v 4 as in Figure 7 . We choose a vertex x i ∈ N 0 in the link of v i as in Figure 7 . We may assume
From the equation (9), we have Remark 2.15. These cross-ratios automatically satisfy the gluing equations for T, i.e., the product of the cross-ratios around each edge of T is equal to 1. Furthermore, they are invariant under the isomorphism Φ.
The complex volume of a Dehn-filled manifold
Let N be an oriented compact 3-manifold with non-empty boundary. We denote the components of ∂N by Σ 1 , · · · , Σ h and assume that each component Σ j is a torus with a fixed meridian µ j and longitude λ j . For κ = (r 1 , s 1 , · · · , r h , s h ) we denote by N κ the manifold obtained from N by performing the Dehn filling that kills the curve r j µ j + s j λ j on each Σ j , where (r j , s j ) is either a pair of coprime integers or the symbol ∞ meaning that we do not fill Σ j .
Results of Neumann
In this subsection, we briefly recall some results of Neumann [7] that we need for our main theorem (Theorem 3.4) .
Let ∆ be an ideal tetrahedron with the cross-ratio z ∈ C \ {0, 1}. Recall that the cross-ratio parameter at each edge of ∆ is given by one of z, z = 
for some integers p and q ∈ Z. Here and throughout the paper, we fix a branch of the logarithm; for actual computation we will use the principal branch having the imaginary part in the interval (−π, π]. One may alternatively define a flattening of ∆ by a triple
We refer to the complex numbers α 0 , α 1 , and α 2 as log-parameters and assign each of them to an edge of ∆ accordingly as in Figure 8 . Note that a flattening α = (α 0 , α 1 , α 2 ) determines and is determined by another triple (z; p, q), z ∈ C \ {0, 1} and (p, q) ∈ Z 2 . See Let T be an ideal triangulation of the interior of N with ideal tetrahedra ∆ 1 , · · · , ∆ n . Following [7] , we assume that each tetrahedron ∆ j of T has a vertex-ordering so that these orderings agree on the common faces. We say that ∆ j is positively oriented if the orientation of ∆ j induced from the vertex-ordering agrees with the orientation of N , and ∆ j is negatively oriented, otherwise. We let j = ±1 according to this orientation of ∆ j . See also [10, Definition 5.5, Remark 5.6].
A closed path in the interior of N is called a normal path if it meets no edges of any ∆ j and crosses faces only transversally. When a normal path passes through ∆ j , we may assume that up to homotopy it enters and departs at different faces of ∆ j so that there is a unique edge of ∆ j between these faces. See, for instance, Figure 11 . We say that the path passes this edge. By the sum of log-parameters along a normal path, we mean 14 the signed-sum of log-parameters over all edges that the path passes. We refer [7] for the signed-sum convention. In particular, when a normal path winds an edge of T as in Figure 9 , we call such sum the sum of log-parameters around the edge.
Theorem 3.1. [7, Theorem 14.7] Let N κ be a Dehn-filled manifold obtained from N . Then for any collection of flattenings α j of ∆ j satisfying
• parity condition : parity along each normal path is zero;
• edge condition : the sum of log-parameters around each edge of T is zero;
• cusp condition : the sum of log-parameters along any normal path in the neighborhood of an ideal vertex of T that represents an unfilled cusp is zero;
• Dehn-filling condition : the sum of log-parameters along any normal path in the neighborhood of an ideal vertex of T that represents a filled cusp is zero if the path is null-homotopic in the added torus, we obtain the induced representation ρ :
where R denotes the extended Rogers dilogarithm defined by
We refer [7] for details including the parity condition.
Flattenings
Let σ ∈ Z 1 (∂N ; C × ) and c ∈ P σ (T). In order to consider log-parameters, we consider an edge of T without its orientation. However, the vertex-ordering endows each unoriented edge l with an orientation, so c(l) is well-defined without sign-ambiguity.
Recall Proposition 2.14 that if ∆ j is positively oriented,
15 and if ∆ j is negatively oriented,
where l 1 , · · · , l 6 are now regarded as unoriented edges. Zickert showed that taking a "logarithm" of the above equations as in Section 1.2 gives a nice flattening. However, we can not directly apply it to our case, since it won't give a flattening. Remark that log • σ : ∂N 1 → C may not be a cocycle (cf. Equations (17) and (18)). We therefore consider the followings sets:
Recall that a Σj : π 1 (Σ j ) → C denotes the homomorphism induced from the cocycle a ∈ A. The set B can be identified with
is an abelian group generated by µ j and λ j .
A is non-empty.
We define a : ∂N 1 → C on each component Σ j of ∂N as follows. We choose a spanning tree T on Σ j . For each unoriented edge e of T we choose any orientation of e and define a(e) := log σ(e) and a(−e) := −log σ(e). For an oriented edge e 0 of Σ j not in T let e 1 , · · · , e m be oriented edges of T such that together with e 0 they form a unique cycle γ in T ∪ {e 0 }. We define
Note that a(e 0 ) ≡ log σ Σj (γ) − log σ(e 1 ) − · · · log σ(e m ) ≡ log σ(e 0 ) in modulo πi. One can check that a is a cocycle satisfying ι(a) = b ∈ B from the fact that the cycle γ forms a fundamental cycle basis.
We define a flattening α j (c, a) of each ideal tetrahedron ∆ j of T, depending on the choice of c ∈ P σ (T) and a ∈ A, by defining log parameters α 
and if ∆ j is negatively oriented,
for Figure 7 . Note that α j (c, a) is indeed a flattening of ∆ j , i.e. α 0
j ≡ log z j in modulo πi, since a ∈ A is a cocycle that agrees with log • σ in modulo πi.
Following Theorem 3.1 (cf. the equation (13)), we define the map c, a) ).
Proof. Since a and a induce the same element of B, there exists θ ∈ C 0 (∂N ; C) satisfying a = a θ . As in the proof of Proposition 2.5, we may assume that θ is trivial except on a single vertex x 0 and θ(x 0 ) = πi. Let l 0 be the long-edge of N having x 0 as an endpoint, and ∆ 1 , · · · , ∆ m be the tetrahedra of T containing l 0 . Let α j (c, a) = (z j ; p j , q j ) and α j (c, a ) = (z j ; p j , q j ) be the flattenings of ∆ j given by the equation (17) or (18), where z j is the shape parameter of ∆ j at l 0 . One can check that p j = p j and q j = q j + 1 for all 1 ≤ j ≤ m. Therefore, we have
For the last equality we use Remark 2.15.
We therefore obtain the induced map, also denoted by Ψ,
by defining Ψ(c, b) := Ψ(c, a) for any a ∈ A such that ι(a) = b ∈ B.
Main theorem
Recall that for κ = (r 1 , s 1 , · · · , r h , s h ) the manifold N κ is obtained from N by performing a Dehn filling that kills the curve r j µ j + s j λ j on each Σ j , where (r j , s j ) is either a pair of coprime integers or the symbol ∞ meaning that we do not fill Σ j .
Let c ∈ P σ (T) such that the representation ρ c : π 1 (N ) → SL(2, C) factors through π 1 (N κ ) for some κ as a PSL(2, C)-representation. If the manifold N κ has a boundary, i.e. (r j , s j ) = ∞ for some j, then we further assume that the induced representation ρ c : π 1 (N κ ) → PSL(2, C) is boundary parabolic, so that the complex volume of ρ c are well-defined. This exactly happens when
and in this case, the equation (6) tells us that
Therefore there exists an element
Theorem 3.4. Let c ∈ P σ (T) such that the representation ρ c : π 1 (N ) → SL(2, C) factors through a Dehn-filled manifold N κ as a PSL(2, C)-representation and induces a boundary parabolic representation of ρ c : π 1 (N κ ) → PSL(2, C). Then the complex volume of ρ c is given by
Proof. Let a ∈ A satisfying ι(a) = b and let α j (c, a) be the flattening of ∆ j given by the equation (17) or (18). Let us rewrite the equations (17) and (18) as follows (note that a ∈ A is a cocycle) : if ∆ j is positively oriented,
18 and if ∆ j is negatively oriented,
for Figure 7 . Note that each log-parameter in the equations (21) and (22) consists of ten terms, where the first five terms lie on a single face of ∆ j and the other five terms also lie on another face of ∆ j .
Claim 1. The sum of log-parameters around each edge of T is zero.
Proof of Claim 1. Let us consider the log-parameters around an edge l 0 of T. We denote edges around l 0 by l 1 , l 2 , · · · , l 2m−1 , l 2m as in Figure 9 and denote the short-edge joining from l i to l j by s ij .
Figure 9: Log-parameters around an edge l 0
Then the sum of log-parameters around l 0 is given by
and is canceled out to zero, since a(s ij ) = −a(s ji ).
Claim 2. The sum of log-parameters along a normal path γ in the neighborhood of an ideal vertex v j of T, corresponding to Σ j , is 2b j (γ).
Proof of Claim 2. The proof of [10, Theorem 6.5] exactly tells us that the sum of log cterms along γ is canceled out to zero. Therefore we may consider the sum of a-terms only.
As γ crosses a face, it picks up three a-terms as it enters to the face and also picks up another three a-terms as it departs the face. More precisely, suppose γ crosses a face whose edge are denoted by l 1 , l 2 , and l 3 as in Figure 10 . As γ enters to the face, it may Remark 3.5. As in [7] (see also [10, Remark 6.7] ), parity along normal curves can be viewed as an element of Ker(H 1 (N ; Z/2) → H 1 (∂N ; Z/2)). Therefore, if N is a link exterior in the 3-sphere, then we have the trivial kernel and Theorem 3.4 holds also in modulo π 2 Z. 20 Example 3.6. Let us continue Example 2.8 of the figure-eight knot complement. Assigning vertex-orderings of ∆ 1 and ∆ 2 as in Figure 5 , we have 1 = 1 and 2 = −1. To consider κ = (r, s)-Dehn filling on the knot complement, we need a pair (M, L) satisfying M r L s = 1 and the equation (7), the A-polynomial of the knot. Among all the possibilities, we choose one that maximizes the volume in order to find the geometric one (see [9, 4] ). Using Mathematica, for instance, we choose (M, L) as follows. Finally, i times the complex volumes are given by Ψ(c, b) = R(z 1 ; p 1 , q 1 ) − R(z 2 ; p 2 , q 2 ) as follows. These complex volumes coincide with the one given by Snappy in modulo π 2 Z (see Remark 3.5).
